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Fonctions d’une Variable Complexe 
Home Work – 2 

Exercice 1 
Trouver l’équation du cercle de rayon 𝑟𝑟 = 2 et de centre 𝑧𝑧0 = −1 ⊹ 𝑖𝑖. 

Exercice 2 
Exprimer chacun des nombres complexes suivants sous la forme polaire. 

𝑧𝑧1 = 2 − 2√3𝑖𝑖, 𝑧𝑧2 = −3 ⊹ 3𝑖𝑖 et 𝑧𝑧3 = −√6 − √2𝑖𝑖. 

Calculer et représenter 
𝑧𝑧1
𝑧𝑧2

, 𝑧𝑧2𝑧𝑧3, �𝑧𝑧3 et �𝑧𝑧33 . 

Exercice 3 
Résoudre l’équation 𝑧𝑧2 ⊹ (−3 ⊹ 2𝑖𝑖)𝑧𝑧 ⊹ 5 − 𝑖𝑖 = 0. 

Exercice 4 
Calculer la limite suivante 

lim
𝑧𝑧→2𝑒𝑒−𝑖𝑖𝜋𝜋 2⁄

(2𝑧𝑧 ⊹ 1)(𝑧𝑧 ⊹ 2𝑖𝑖)
𝑧𝑧2 ⊹ 4

 

Exercice 5 
Trouver la fonction holomorphe 𝑓𝑓(𝑧𝑧) = 𝑢𝑢 ⊹ 𝑖𝑖𝑖𝑖 telle que 

𝑢𝑢(𝑥𝑥,𝑦𝑦) = 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 
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Exercise 1 

𝑟𝑟 = 2 ; 𝑧𝑧0 = −1 ⊹ 𝑖𝑖 

Since the circle is of radius 𝑟𝑟 = 2 and center 𝑧𝑧0 = −1 ⊹ 𝑖𝑖, its equation can 
be written as 

|𝑧𝑧 − 𝑧𝑧0|2 = 𝑟𝑟2 = 4 

So, 

|(𝑥𝑥 − 𝑥𝑥0) ⊹ (𝑦𝑦 − 𝑦𝑦0)|2 = 𝑟𝑟2 = 4 

(𝑥𝑥 − 𝑥𝑥0)2 ⊹ (𝑦𝑦 − 𝑦𝑦0)2 = 4 

(𝑥𝑥 ⊹ 1)2 ⊹ (𝑦𝑦 − 1)2 = 4 
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Complex Numbers – Polar Form 1 

1. 𝑧𝑧1 = 2 − 2√3𝑖𝑖 
𝑧𝑧1 = 𝑟𝑟1(cos 𝜃𝜃1 ⊹ 𝑖𝑖 sin 𝜃𝜃1) with 

𝑟𝑟1 = |𝑧𝑧1| = (𝑥𝑥12 ⊹ 𝑦𝑦12)1 2⁄ , 

𝑟𝑟1 = �(2)2 ⊹ �−2√3�
2
�
1 2⁄

= [4 ⊹ 12]1 2⁄ = 4. 

tan𝜃𝜃1 = 𝑦𝑦1
𝑥𝑥1

= −2√3
2

= −√3 > 0 ⟹ �
𝜃𝜃1 = −𝜋𝜋

3
    

𝜃𝜃1 = 𝜋𝜋 − 𝜋𝜋
3

. 

�𝑦𝑦1 < 0
𝑥𝑥1 > 0 ⟹𝜃𝜃1 = −𝜋𝜋

3
= 2𝜋𝜋 − 𝜋𝜋

3
= 5𝜋𝜋

3
. 

𝑧𝑧1 = 4 �cos 5𝜋𝜋
3
⊹ 𝑖𝑖 sin 5𝜋𝜋

3
�. ■ 
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𝑖𝑖𝑖𝑖 

−4 𝑥𝑥 

4 

4 

−4 

𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

2𝜋𝜋
3

  

𝜃𝜃 

𝑧𝑧1 𝑧𝑧1 

−𝜋𝜋
3

  𝑥𝑥 > 0 

𝑦𝑦 < 0 
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Complex Numbers – Polar Form 2 

2. 𝑧𝑧2 = −3 ⊹ 3𝑖𝑖 
𝑧𝑧2 = 𝑟𝑟2(cos 𝜃𝜃2 ⊹ 𝑖𝑖 sin 𝜃𝜃2) with 

𝑟𝑟2 = |𝑧𝑧2| = (𝑥𝑥22 ⊹ 𝑦𝑦22)1 2⁄ , 
𝑟𝑟2 = [(−3)2 ⊹ (3)2]1 2⁄ = [9 ⊹ 9]1 2⁄ = 3√2. 

tan𝜃𝜃2 = 𝑦𝑦2
𝑥𝑥2

= 3
−3

= −1 < 0 ⟹ �
𝜃𝜃2 ∈ �

𝜋𝜋
2

,𝜋𝜋�    

𝜃𝜃2 ∈ �
3𝜋𝜋
2

, 2𝜋𝜋�
⟹ �

𝜃𝜃2 = −𝜋𝜋
4

𝜃𝜃2 = 3𝜋𝜋
4

  
. 

�𝑦𝑦2 < 0
𝑥𝑥2 > 0 ⟹𝜃𝜃2 = 3𝜋𝜋

4
. 

𝑧𝑧2 = 3√2 �cos 3𝜋𝜋
4 ⊹ 𝑖𝑖 sin 3𝜋𝜋

4 �. ■ 
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𝑖𝑖𝑖𝑖 

−√18 𝑥𝑥 

√18 

√18 

−√18 

𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝜃𝜃 
𝑧𝑧2 

3𝜋𝜋
4

  

7𝜋𝜋
4
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Complex Numbers – Polar Form 3 

3. 𝑧𝑧3 = −√6 − √2𝑖𝑖 
𝑧𝑧3 = 𝑟𝑟3(cos 𝜃𝜃3 ⊹ 𝑖𝑖 sin 𝜃𝜃3) with 

𝑟𝑟3 = |𝑧𝑧3| = (𝑥𝑥32 ⊹ 𝑦𝑦32)1 2⁄ , 

𝑟𝑟3 = ��−√6�
2
⊹ �−√2�

2
�
1 2⁄

= [8]1 2⁄ = 2√2. 

tan𝜃𝜃3 = 𝑦𝑦3
𝑥𝑥3

= −√2
−√6

= 1
√3

> 0 ⟹ �
𝜃𝜃3 = 𝜋𝜋

6
        

𝜃𝜃3 = 𝜋𝜋
6
⊹ 𝜋𝜋

. 

�𝑦𝑦3 < 0
𝑥𝑥3 < 0 ⟹ 𝜃𝜃1 ∈ �𝜋𝜋, 3𝜋𝜋

2
� ⟹ 𝜃𝜃3 = 𝜋𝜋

6
⊹ 𝜋𝜋 = 7𝜋𝜋

6
. 

𝑧𝑧3 = 2√2 �cos 7𝜋𝜋
6
⊹ 𝑖𝑖 sin 7𝜋𝜋

6
�. ■ 
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𝑖𝑖𝑖𝑖 

−√8 𝑥𝑥 

√8 

√8 

−√8 

𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝜃𝜃 

𝑧𝑧3 

𝜋𝜋
6

  

𝑥𝑥 < 0 

𝑦𝑦 < 0 

7𝜋𝜋
6
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Complex Numbers – Polar Form 4 

4. 𝑧𝑧1
𝑧𝑧2

= 2−2√3𝑖𝑖
−3⊹3𝑖𝑖

 

𝑧𝑧12 = 𝑟𝑟12(cos 𝜃𝜃12 ⊹ 𝑖𝑖 sin 𝜃𝜃12) with 

𝑟𝑟12 = 𝑟𝑟1
𝑟𝑟2

= 4
3√2

= 2√2
3

. 

𝜃𝜃12 = 𝜃𝜃1 − 𝜃𝜃2 = 5𝜋𝜋
3
− 3𝜋𝜋

4
. 

𝜃𝜃12 = 5𝜋𝜋
3
− 3𝜋𝜋

4
= 20𝜋𝜋

12
− 9𝜋𝜋

12
= 11𝜋𝜋

12
= 𝜋𝜋 − 𝜋𝜋

12
. 

𝑧𝑧12 = 2√2
3
�cos 11𝜋𝜋

12
⊹ 𝑖𝑖 sin 11𝜋𝜋

12
�. ■ 
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𝑖𝑖𝑖𝑖 

−𝑟𝑟12 
𝑥𝑥 

𝑟𝑟12 

𝑟𝑟12 

−𝑟𝑟12 

𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

11𝜋𝜋
12

  

𝜃𝜃 

𝑧𝑧12 

𝑥𝑥 < 0 

𝑦𝑦 > 0 
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Complex Numbers – Polar Form 5 

5. 𝑧𝑧2𝑧𝑧3 = (−3 ⊹ 3𝑖𝑖)�−√6 − √2𝑖𝑖� 
𝑧𝑧2𝑧𝑧3 = 𝑟𝑟23(cos 𝜃𝜃23 ⊹ 𝑖𝑖 sin 𝜃𝜃23) with 

𝑟𝑟23 = 𝑟𝑟2𝑟𝑟3 = 3√2 ⋅ 2√2 = 12. 
𝜃𝜃23 = 𝜃𝜃2 ⊹ 𝜃𝜃3 = 3𝜋𝜋

4
⊹ 7𝜋𝜋

6
= 9𝜋𝜋

12
⊹ 14𝜋𝜋

12
= 23𝜋𝜋

12
. 

𝜃𝜃23 = 24𝜋𝜋
12

− 𝜋𝜋
12

= − 𝜋𝜋
12
⊹ 2𝜋𝜋 ≡ − 𝜋𝜋

12
. 

 

𝑧𝑧23 = 12 �cos �− 𝜋𝜋
12
� ⊹ 𝑖𝑖 sin �− 𝜋𝜋

12
��. ■ 
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𝑖𝑖𝑖𝑖 

−12 𝑥𝑥 

12 

12 

−12 
𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

23𝜋𝜋
12

  

𝜃𝜃 𝑧𝑧1 

𝑧𝑧23 

𝑥𝑥 < 0 

𝑦𝑦 > 0 
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Complex Numbers – Polar Form 6 

6. �𝑧𝑧32 = �−√6 − √2𝑖𝑖
2

 

𝑧𝑧3 = 2√2 �cos �7𝜋𝜋
6
⊹ 2𝑘𝑘𝑘𝑘� ⊹ 𝑖𝑖 sin �7𝜋𝜋

6
⊹ 2𝑘𝑘𝑘𝑘��. 

�𝑧𝑧3 = �2√2 �cos
7𝜋𝜋
6 ⊹2𝑘𝑘𝑘𝑘

2
⊹ 𝑖𝑖 sin

7𝜋𝜋
6 ⊹2𝑘𝑘𝑘𝑘

2
�. 

𝑧𝑧3′ → 𝑘𝑘 = 0 ; 𝑧𝑧3′′ → 𝑘𝑘 = 1. 
 

𝑧𝑧3′ = �2√2 �cos 7𝜋𝜋
12
⊹ 𝑖𝑖 sin 7𝜋𝜋

12
�. ■ 

𝑧𝑧3′′ = �2√2 �cos 19𝜋𝜋
12

⊹ 𝑖𝑖 sin 19𝜋𝜋
12
�. ■ 
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Complex Numbers – Polar Form 7 

7. �𝑧𝑧33 = �−√6 − √2𝑖𝑖
3

 

𝑧𝑧3 = 2√2 �cos �7𝜋𝜋
6
⊹ 2𝑘𝑘𝑘𝑘� ⊹ 𝑖𝑖 sin �7𝜋𝜋

6
⊹ 2𝑘𝑘𝑘𝑘��. 

�𝑧𝑧33 = �2√2
3

�cos
7𝜋𝜋
6 ⊹2𝑘𝑘𝑘𝑘

3
⊹ 𝑖𝑖 sin

7𝜋𝜋
6 ⊹2𝑘𝑘𝑘𝑘

3
�. 

𝑤𝑤3
′ → 𝑘𝑘 = 0 ; 𝑤𝑤3

′′ → 𝑘𝑘 = 1 ; 𝑤𝑤3
′′′ → 𝑘𝑘 = 2. 

𝑤𝑤3
′ = �2√2

3
�cos 7𝜋𝜋

18
⊹ 𝑖𝑖 sin 7𝜋𝜋

18
�. ■ 

𝑤𝑤3
′′ = �2√2

3
�cos 19𝜋𝜋

18
⊹ 𝑖𝑖 sin 19𝜋𝜋

18
�. ■ 

𝑤𝑤3
′′′ = �2√2

3
�cos 31𝜋𝜋

18
⊹ 𝑖𝑖 sin 31𝜋𝜋

18
�. ■ 
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Equation 

𝑧𝑧2 ⊹ (−3 ⊹ 2𝑖𝑖)𝑧𝑧 ⊹ 5 − 𝑖𝑖 = 0 

∆= 𝑏𝑏2 − 4𝑎𝑎𝑎𝑎 = (−3 ⊹ 2𝑖𝑖)2 − 4 ⋅ 1 ⋅ (5 − 𝑖𝑖) 

∆= 9 − 4 ⊹ 2𝑖𝑖(−3)2 − 20 ⊹ 4𝑖𝑖 = −15 − 8𝑖𝑖 

∆= 1 − 16 − 2 ⋅ 4 ⋅ 𝑖𝑖 = (1 − 4𝑖𝑖)2 
So, 

𝑧𝑧1 = 3−2𝑖𝑖⊹√−15−8𝑖𝑖
2

= 3−2𝑖𝑖⊹(1−4𝑖𝑖)
2

= 4−6𝑖𝑖
2

= 2 − 3𝑖𝑖, ■ 

𝑧𝑧2 = 3−2𝑖𝑖−√−15−8𝑖𝑖
2

= 3−2𝑖𝑖−(1−4𝑖𝑖)
2

= 1 ⊹ 𝑖𝑖. ■ 

University of Boumerdes 
Faculty of science 

Physics' Department 

Fcts of a Complex Variable 
L2 – Physics 

4th Semester 2023/2024 



Physics' Department 
Faculty of Science LMD-Physics.univ-boumerdes.dz 

 أحمد عبد الصمد  تـاجي 

MíHamed Bougara University of Boumerdes  بومرداس)  - جامعة محمد بوقرة (  – قـسم الفيزياء 
 

 

Limit 

lim
𝑧𝑧→2𝑒𝑒−𝑖𝑖𝜋𝜋 2⁄

(2𝑧𝑧 ⊹ 1)(𝑧𝑧 ⊹ 2𝑖𝑖)
𝑧𝑧2 ⊹ 4

 

𝑧𝑧0 = 2𝑒𝑒−𝑖𝑖𝜋𝜋 2⁄ = −2𝑖𝑖 ⟹ lim
𝑧𝑧→−2𝑖𝑖

[2(−2𝑖𝑖) ⊹ 1](−2𝑖𝑖 ⊹ 2𝑖𝑖)
(−2𝑖𝑖)2 ⊹ 4

=
0
0

 

𝑧𝑧2 ⊹ 4 = 𝑧𝑧2 − (−4) = 𝑧𝑧2 − (𝑖𝑖24) = 𝑧𝑧2 − (2𝑖𝑖)2 ⟹ 

lim
𝑧𝑧→2𝑒𝑒−𝑖𝑖𝜋𝜋 2⁄

(2𝑧𝑧 ⊹ 1)(𝑧𝑧 ⊹ 2𝑖𝑖)
𝑧𝑧2 ⊹ 4

= lim
𝑧𝑧→−2𝑖𝑖

(2𝑧𝑧 ⊹ 1)(𝑧𝑧 ⊹ 2𝑖𝑖)
(𝑧𝑧 ⊹ 2𝑖𝑖)(𝑧𝑧 − 2𝑖𝑖)

= lim
𝑧𝑧→−2𝑖𝑖

(2𝑧𝑧 ⊹ 1)
(𝑧𝑧 − 2𝑖𝑖)

 

lim
𝑧𝑧→−2𝑖𝑖

(2𝑧𝑧⊹1)
(𝑧𝑧−2𝑖𝑖)

= 2(−2𝑖𝑖)⊹1
(−2𝑖𝑖)−2𝑖𝑖

= −4𝑖𝑖⊹1
−4𝑖𝑖

= 1 ⊹ 𝑖𝑖 1
4
. ■ 
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Function 1 – 1 

𝑢𝑢(𝑥𝑥,𝑦𝑦) = 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 

Since 𝑓𝑓(𝑧𝑧) = 𝑢𝑢 ⊹ 𝑖𝑖𝑖𝑖 is a holomorphic function, its real and imaginary 
parts 𝑢𝑢(𝑥𝑥, 𝑦𝑦) and 𝑣𝑣(𝑥𝑥,𝑦𝑦) satisfy 

The sufficient and necessary Cauchy-Riemann conditions 

⎩
⎪
⎨

⎪
⎧𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

             

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

         
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Function 1 – 2 

𝑢𝑢(𝑥𝑥,𝑦𝑦) = 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2) = 3𝑥𝑥2 − 3𝑦𝑦2 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 

gives 

𝑣𝑣(𝑥𝑥,𝑦𝑦) = �3𝑥𝑥2 − 3𝑦𝑦2 𝑑𝑑𝑑𝑑 = 3𝑥𝑥2𝑦𝑦 − 𝑦𝑦3 ⊹ ℎ(𝑥𝑥) 
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Function 1 – 3 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2) = −6𝑥𝑥𝑦𝑦 

and 

−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜕𝜕
𝜕𝜕𝜕𝜕

(3𝑥𝑥2𝑦𝑦 − 𝑦𝑦3 ⊹ ℎ(𝑥𝑥)) = −6𝑥𝑥𝑦𝑦 − ℎ′(𝑥𝑥) 

ℎ′(𝑥𝑥) = 0 ⟹ ℎ(𝑥𝑥) = 𝑐𝑐 
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Function 1 – 4 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑢𝑢 ⊹ 𝑖𝑖𝑖𝑖 = (𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2) ⊹ 𝑖𝑖(3𝑥𝑥2𝑦𝑦 − 𝑦𝑦3) ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 𝑥𝑥(𝑥𝑥2 − 3𝑦𝑦2 ⊹ 𝑖𝑖3𝑥𝑥𝑥𝑥) ⊹ 𝑖𝑖3𝑦𝑦3 ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 𝑥𝑥(𝑥𝑥2 − 𝑦𝑦2 ⊹ 𝑖𝑖2𝑥𝑥𝑥𝑥) − 2𝑥𝑥𝑦𝑦2 ⊹ 𝑖𝑖𝑥𝑥2𝑦𝑦 ⊹ 𝑖𝑖3𝑦𝑦3 ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑥𝑥(𝑥𝑥2 − 𝑦𝑦2 ⊹ 2𝑖𝑖𝑖𝑖𝑖𝑖) ⊹ 2𝑥𝑥𝑖𝑖2𝑦𝑦2 ⊹ 𝑥𝑥2𝑖𝑖𝑖𝑖 ⊹ 𝑖𝑖3𝑦𝑦3 ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑥𝑥(𝑥𝑥2 − 𝑦𝑦2 ⊹ 2𝑖𝑖𝑖𝑖𝑖𝑖) ⊹ 𝑖𝑖𝑖𝑖(2𝑥𝑥𝑖𝑖𝑖𝑖 ⊹ 𝑥𝑥2 ⊹ 𝑖𝑖2𝑦𝑦2) ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑥𝑥(𝑥𝑥2 − 𝑦𝑦2 ⊹ 2𝑖𝑖𝑖𝑖𝑖𝑖) ⊹ 𝑖𝑖𝑖𝑖(2𝑥𝑥𝑖𝑖𝑖𝑖 ⊹ 𝑥𝑥2 − 𝑦𝑦2) ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = (𝑥𝑥2 − 𝑦𝑦2 ⊹ 2𝑖𝑖𝑖𝑖𝑖𝑖)(𝑥𝑥 ⊹ 𝑖𝑖𝑖𝑖) ⊹ 𝑖𝑖𝑖𝑖 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧3 ⊹ 𝑖𝑖𝑖𝑖. ■ 
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