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Harmonic Functions

Exercise
Given u(x, y)

» u(x,y) = 3x* —3y? 4+ 5xy - 2
» u(x,y) = e *siny
a harmonic function.

* Find the harmonic function v(x,y) such that u and v are real and
imaginary parts of a holomorphic function f(z) = u -- iv.
* Find this function f(z).
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Function 1 — 1

u(x,y) = 3x% — 3y? -- 5xy + 2

u(x,y) and v(x, y) are real and imaginary parts of a holomorphic function

f(z)=u-+iv

and satisfy the sufficient and necessary Cauchy-Riemann conditions
du OJv o
dx dy
Ju dv ®
dy  ox
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Function 1 — 2

u(x,y) = 3x% — 3y? -- 5xy + 2

% = % with

dx ay
ou dv
— =—(3x%—-3y? 4+ 5xy --2) = 6x - 5y = —
axax(x y xy - 2) = 6x Y =5

gives

5
v(x,y) = j6x -~ 5y dy = 6xy - Eyz -~ h(x)
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Function 1 — 3

ou v .
®5__£W1th
o _ (3 3y2 4+ 5 2)=—6y -5
ay a X y xy = Y o oX
and

v 0 5
= .= 2 - —— —h'
-  ox (6x 2 h(x)) 6y — h'(x)

5
h'(x) = =5x = h(x) = —Exz +c
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Function 1 — 4

5 5
flx,y) =u+iv = (3x? —3y? 4 5xy + 2) -+ i(6xy 2y _xz)

5 5

f(x,y) = 3(x%* — y? +i2xy) — (=5xy) - 2 -+ i(zy2 — —xz)

5 5 5
— 2 il A2 __2) 29—
flx,y) =3z + 24 L(Zy Zx) (l 22xy)

5
f(x,y) =3z% -2 — L'E(x2 — y? - i2xy)

f(2) = (3 . zg) 2242 m
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Function 2 — 1

u(x,y) =e *siny

u(x,y) and v(x, y) are real and imaginary parts of a holomorphic function

f(z)=u-+iv

and satisfy the sufficient and necessary Cauchy-Riemann conditions
du OJv o
dx dy
Ju dv ®
dy  ox
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Function 2 — 2

u(x,y) =e *siny

gives

v(x,y) = —e™* j sinydy = e *cosy -+ h(x)
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Function 2 — 3

Ju v .
6_ = - 6_ with
ou (e~*siny) _x
— =—(e " SIn = e ~Ccos
3y _ dy y y
and
av d
——=——J]e*cosy -+ h(x)]=e*cosy —h'(x
Friaitew y =+ h(x)] y—h'(x)
h'(x) =0= h(x) =c
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Function 2 — 4
fl,y) =u-+iv=e*siny - ie *cosy
T oy 1
f(x,y) =e *[siny 4 icosy] =ie *|cosy -+ 7siny

f(x,y) =ie *[cosy —isiny]

flx,y) =ie*e ™™ = je W = e~ (riy)

f(z)=ie*. m
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