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Harmonic Functions 

Exercise 
Given 𝑢𝑢(𝑥𝑥,𝑦𝑦) 

▸ 𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 3𝑥𝑥2 − 3𝑦𝑦2 ⊹ 5𝑥𝑥𝑦𝑦 ⊹ 2 

▸ 𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 𝑒𝑒−𝑥𝑥 sin 𝑦𝑦 

a harmonic function. 

 Find the harmonic function 𝑣𝑣(𝑥𝑥, 𝑦𝑦) such that 𝑢𝑢 and 𝑣𝑣 are real and 
imaginary parts of a holomorphic function 𝑓𝑓(𝑧𝑧) = 𝑢𝑢 ⊹ 𝑖𝑖𝑣𝑣. 

 Find this function 𝑓𝑓(𝑧𝑧). 
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Function 1 – 1 

𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 3𝑥𝑥2 − 3𝑦𝑦2 ⊹ 5𝑥𝑥𝑦𝑦 ⊹ 2 

𝑢𝑢(𝑥𝑥,𝑦𝑦) and 𝑣𝑣(𝑥𝑥,𝑦𝑦) are real and imaginary parts of a holomorphic function 

𝑓𝑓(𝑧𝑧) = 𝑢𝑢 ⊹ 𝑖𝑖𝑣𝑣 

and satisfy the sufficient and necessary Cauchy-Riemann conditions 

⎩
⎪
⎨

⎪
⎧𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

=
𝜕𝜕𝑣𝑣
𝜕𝜕𝑦𝑦

             

𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦

= −
𝜕𝜕𝑣𝑣
𝜕𝜕𝑥𝑥
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Function 1 – 2 

𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 3𝑥𝑥2 − 3𝑦𝑦2 ⊹ 5𝑥𝑥𝑦𝑦 ⊹ 2 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

=
𝜕𝜕
𝜕𝜕𝑥𝑥

(3𝑥𝑥2 − 3𝑦𝑦2 ⊹ 5𝑥𝑥𝑦𝑦 ⊹ 2) = 6𝑥𝑥 ⊹ 5𝑦𝑦 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

 

gives 

𝜕𝜕(𝑥𝑥, 𝑦𝑦) = � 6𝑥𝑥 ⊹ 5𝑦𝑦 𝑑𝑑𝑦𝑦 = 6𝑥𝑥𝑦𝑦 ⊹
5
2
𝑦𝑦2 ⊹ ℎ(𝑥𝑥) 
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Function 1 – 3 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕
𝜕𝜕𝜕𝜕

(3𝑥𝑥2 − 3𝜕𝜕2 ⊹ 5𝑥𝑥𝜕𝜕 ⊹ 2) = −6𝜕𝜕 ⊹ 5𝑥𝑥 

and 

−
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

= −
𝜕𝜕
𝜕𝜕𝑥𝑥

�6𝑥𝑥𝜕𝜕 ⊹
5
2
𝜕𝜕2 ⊹ ℎ(𝑥𝑥)� = −6𝜕𝜕 − ℎ′(𝑥𝑥) 

ℎ′(𝑥𝑥) = −5𝑥𝑥 ⟹ ℎ(𝑥𝑥) = −
5
2
𝑥𝑥2 ⊹ 𝑐𝑐 
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Function 1 – 4 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑢𝑢 ⊹ 𝑖𝑖𝑖𝑖 = (3𝑥𝑥2 − 3𝑦𝑦2 ⊹ 5𝑥𝑥𝑦𝑦 ⊹ 2) ⊹ 𝑖𝑖 �6𝑥𝑥𝑦𝑦 ⊹
5
2
𝑦𝑦2 −

5
2
𝑥𝑥2� 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 3(𝑥𝑥2 − 𝑦𝑦2 ⊹ 𝑖𝑖2𝑥𝑥𝑦𝑦) − (−5𝑥𝑥𝑦𝑦) ⊹ 2 ⊹ 𝑖𝑖 �
5
2
𝑦𝑦2 −

5
2
𝑥𝑥2� 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 3𝑧𝑧2 ⊹ 2 ⊹ 𝑖𝑖 �
5
2
𝑦𝑦2 −

5
2
𝑥𝑥2� − �𝑖𝑖22

5
2
𝑥𝑥𝑦𝑦� 

𝑓𝑓(𝑥𝑥, 𝑦𝑦) = 3𝑧𝑧2 ⊹ 2 − 𝑖𝑖
5
2

(𝑥𝑥2 − 𝑦𝑦2 ⊹ 𝑖𝑖2𝑥𝑥𝑦𝑦) 

𝑓𝑓(𝑧𝑧) = �3 − 𝑖𝑖 5
2
� 𝑧𝑧2 ⊹ 2. ■ 
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Function 2 – 1 

𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 𝑒𝑒−𝑥𝑥 sin 𝑦𝑦 

𝑢𝑢(𝑥𝑥,𝑦𝑦) and 𝑣𝑣(𝑥𝑥,𝑦𝑦) are real and imaginary parts of a holomorphic function 

𝑓𝑓(𝑧𝑧) = 𝑢𝑢 ⊹ 𝑖𝑖𝑣𝑣 

and satisfy the sufficient and necessary Cauchy-Riemann conditions 

⎩
⎪
⎨

⎪
⎧𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

=
𝜕𝜕𝑣𝑣
𝜕𝜕𝑦𝑦

             

𝜕𝜕𝑢𝑢
𝜕𝜕𝑦𝑦

= −
𝜕𝜕𝑣𝑣
𝜕𝜕𝑥𝑥
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Function 2 – 2 

𝑢𝑢(𝑥𝑥, 𝑦𝑦) = 𝑒𝑒−𝑥𝑥 sin 𝑦𝑦 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝑢𝑢
𝜕𝜕𝑥𝑥

=
𝜕𝜕
𝜕𝜕𝑥𝑥

(𝑒𝑒−𝑥𝑥 sin 𝑦𝑦) = −𝑒𝑒−𝑥𝑥 sin 𝑦𝑦 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝑦𝑦

 

gives 

𝜕𝜕(𝑥𝑥,𝑦𝑦) = −𝑒𝑒−𝑥𝑥 � sin 𝑦𝑦 𝑑𝑑𝑦𝑦 = 𝑒𝑒−𝑥𝑥 cos 𝑦𝑦 ⊹ ℎ(𝑥𝑥) 
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Function 2 – 3 

 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= − 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 with 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
𝜕𝜕
𝜕𝜕𝜕𝜕

(𝑒𝑒−𝜕𝜕 sin 𝜕𝜕) = 𝑒𝑒−𝜕𝜕 cos 𝜕𝜕 

and 

−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝜕𝜕
𝜕𝜕𝜕𝜕

[𝑒𝑒−𝜕𝜕 cos 𝜕𝜕 ⊹ ℎ(𝜕𝜕)] = 𝑒𝑒−𝜕𝜕 cos𝜕𝜕 − ℎ′(𝜕𝜕) 

ℎ′(𝜕𝜕) = 0 ⟹ ℎ(𝜕𝜕) = 𝑐𝑐 
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Function 2 – 4 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑢𝑢 ⊹ 𝑖𝑖𝑖𝑖 = 𝑒𝑒−𝑥𝑥 sin 𝑦𝑦 ⊹ 𝑖𝑖𝑒𝑒−𝑥𝑥 cos𝑦𝑦 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑒𝑒−𝑥𝑥[sin 𝑦𝑦 ⊹ 𝑖𝑖 cos 𝑦𝑦] = 𝑖𝑖𝑒𝑒−𝑥𝑥 �cos𝑦𝑦 ⊹
1
𝑖𝑖

sin 𝑦𝑦� 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑖𝑖𝑒𝑒−𝑥𝑥[cos𝑦𝑦 − 𝑖𝑖 sin 𝑦𝑦] 

𝑓𝑓(𝑥𝑥,𝑦𝑦) = 𝑖𝑖𝑒𝑒−𝑥𝑥𝑒𝑒−𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑒𝑒−𝑥𝑥−𝑖𝑖𝑖𝑖 = 𝑖𝑖𝑒𝑒−(𝑥𝑥⊹𝑖𝑖𝑖𝑖) 

 

𝑓𝑓(𝑧𝑧) = 𝑖𝑖𝑒𝑒−𝑧𝑧. ■ 
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