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Complex Numbers – Polar Form 

Exercise 
Transform the following complex numbers to polar form 

𝑧𝑧 = 𝑟𝑟(cos𝜃𝜃 ⊹ 𝑖𝑖 sin 𝜃𝜃) 

with 𝜃𝜃 ∈ [0,2𝜋𝜋]. 

1. 𝑧𝑧1 = −1 − √3𝑖𝑖. 
2. 𝑧𝑧2 = 2 − 𝑖𝑖. 
3. 𝑧𝑧3 = −1 − 2𝑖𝑖. 
4. 𝑧𝑧4 = −√6 ⊹ √2𝑖𝑖. 
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Complex Numbers – Polar Form 1 

1. 𝑧𝑧1 = −1 − √3𝑖𝑖 
𝑧𝑧1 = 𝑟𝑟1(cos 𝜃𝜃1 ⊹ 𝑖𝑖 sin 𝜃𝜃1) with 

𝑟𝑟1 = |𝑧𝑧1| = (𝑧𝑧1𝑧𝑧1� )1 2⁄ = (𝑥𝑥12 ⊹ 𝑦𝑦12)1 2⁄ , 

𝑟𝑟1 = �(−1)2 ⊹ �−√3�
2
�
1 2⁄

= [1 ⊹ 3]1 2⁄ = 2. 

tan𝜃𝜃1 = 𝑦𝑦1
𝑥𝑥1

= −√3
−1

= √3 > 0 ⟹ �
𝜃𝜃1 ∈ �0, 𝜋𝜋

2
�  

𝜃𝜃1 ∈ �𝜋𝜋, 3𝜋𝜋
2
�
⟹ �

𝜃𝜃1 = 𝜋𝜋
3

         

𝜃𝜃1 = 𝜋𝜋
3
⊹ 𝜋𝜋

. 

�𝑦𝑦1 < 0
𝑥𝑥1 < 0 ⟹ 𝜃𝜃1 ∈ �𝜋𝜋, 3𝜋𝜋

2
� ⟹ 𝜃𝜃1 = 𝜋𝜋

3
⊹ 𝜋𝜋 = 4𝜋𝜋

3
. 

So, 𝑧𝑧1 = 2 �cos 4𝜋𝜋
3
⊹ 𝑖𝑖 sin 4𝜋𝜋

3
�. ■ 
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4𝜋𝜋
3

  

𝜃𝜃 𝑧𝑧1 
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𝜋𝜋
3
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Complex Numbers – Polar Form 2 

2. 𝑧𝑧2 = 2 − 𝑖𝑖 
𝑧𝑧2 = 𝑟𝑟2(cos 𝜃𝜃2 ⊹ 𝑖𝑖 sin 𝜃𝜃2) with 

𝑟𝑟2 = |𝑧𝑧2| = (𝑧𝑧2𝑧𝑧2� )1 2⁄ = (𝑥𝑥22 ⊹ 𝑦𝑦22)1 2⁄ , 
𝑟𝑟2 = [(2)2 ⊹ (−1)2]1 2⁄ = [4 ⊹ 1]1 2⁄ = √5. 

tan𝜃𝜃2 = 𝑦𝑦2
𝑥𝑥2

= −1
2

= −1
2

< 0 ⟹ �
𝜃𝜃2 ∈ �

𝜋𝜋
2

,𝜋𝜋�    

𝜃𝜃2 ∈ �
3𝜋𝜋
2

, 2𝜋𝜋�
⟹ �𝜃𝜃2 = 𝜋𝜋 − 0.4636   

𝜃𝜃2 = 2𝜋𝜋 − 0.4636. 

�𝑦𝑦2 < 0
𝑥𝑥2 > 0 ⟹ 𝜃𝜃2 ∈ �𝜋𝜋, 3𝜋𝜋

2
� ⟹ 𝜃𝜃2 = 2𝜋𝜋 − 0.4636 = 5.8196. 

𝑧𝑧2 = √5[cos(5.8196) ⊹ 𝑖𝑖 sin(5.8196)]. ■ 
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Complex Numbers – Polar Form 3 

3. 𝑧𝑧3 = −1 − 2𝑖𝑖 
𝑧𝑧3 = 𝑟𝑟3(cos 𝜃𝜃3 ⊹ 𝑖𝑖 sin 𝜃𝜃3) with 

𝑟𝑟3 = |𝑧𝑧3| = (𝑧𝑧3𝑧𝑧3� )1 2⁄ = (𝑥𝑥32 ⊹ 𝑦𝑦32)1 2⁄ , 
𝑟𝑟3 = [(−1)2 ⊹ (−2)2]1 2⁄ = [1 ⊹ 4]1 2⁄ = √5. 

tan𝜃𝜃3 = 𝑦𝑦3
𝑥𝑥3

= −2
−1

= 2 > 0 ⟹ �
𝜃𝜃3 ∈ �0, 𝜋𝜋

2
�  

𝜃𝜃3 ∈ �𝜋𝜋, 3𝜋𝜋
2
�
⟹ �𝜃𝜃3 = 1.1071         

𝜃𝜃3 = 1.1071 ⊹ 𝜋𝜋. 

�𝑦𝑦3 < 0
𝑥𝑥3 < 0 ⟹ 𝜃𝜃1 ∈ �𝜋𝜋, 3𝜋𝜋

2
� ⟹ 𝜃𝜃3 = 1.1071 ⊹ 𝜋𝜋 = 4.2487. 

So, 
𝑧𝑧3 = √5[cos 4.2487 ⊹ 𝑖𝑖 sin 4.2487]. ■ 
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𝑖𝑖𝑦𝑦 
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𝑧𝑧 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝜃𝜃 
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Complex Numbers – Polar Form 4 

4. 𝑧𝑧4 = −√6 ⊹ √2𝑖𝑖 
𝑧𝑧4 = 𝑟𝑟4(cos 𝜃𝜃4 ⊹ 𝑖𝑖 sin 𝜃𝜃4) with 

𝑟𝑟4 = |𝑧𝑧4| = (𝑧𝑧4𝑧𝑧4� )1 2⁄ = (𝑥𝑥42 ⊹ 𝑦𝑦42)1 2⁄ , 

𝑟𝑟4 = ��−√6�
2
⊹ �√2�

2
�
1 2⁄

= [6 ⊹ 2]1 2⁄ = 2√2. 

tan𝜃𝜃4 = 𝑦𝑦4
𝑥𝑥4

= √2
−√6

= − 1
√3

< 0 ⟹ �
𝜃𝜃4 ∈ �

𝜋𝜋
2

,𝜋𝜋�     

𝜃𝜃4 ∈ �
3𝜋𝜋
2

, 2𝜋𝜋�
⟹ �

𝜃𝜃4 = 𝜋𝜋 − 𝜋𝜋
6

𝜃𝜃4 = −𝜋𝜋
6

    
. 

�𝑦𝑦4 > 0
𝑥𝑥4 < 0 ⟹ 𝜃𝜃4 ∈ �𝜋𝜋, 3𝜋𝜋

2
� ⟹ 𝜃𝜃4 = 𝜋𝜋 − 𝜋𝜋

6
= 5𝜋𝜋

6
. 

𝑧𝑧4 = 2√2 �cos 5𝜋𝜋
6
⊹ 𝑖𝑖 sin 5𝜋𝜋

6
�. ■ 
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6
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