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Second Order Linear Differential Equations 
Characteristic Equation with Real and Distinct Roots 

Exercise 1 

Solve the differential equation 

𝑦𝑦′′ − 4𝑦𝑦′ ⊹ 3𝑦𝑦 = 3𝑥𝑥𝑒𝑒𝑥𝑥  

Characteristic Equation 𝑟𝑟2 − 4𝑟𝑟 ⊹ 3 = 0. Which gives 𝑟𝑟1 = 3 and 𝑟𝑟2 = 1. 
Hence, 𝑦𝑦𝐻𝐻 = 𝐴𝐴𝑒𝑒𝑥𝑥 ⊹ 𝐵𝐵𝑒𝑒3𝑥𝑥. So, 𝑦𝑦𝑝𝑝 = 𝐴𝐴(𝑥𝑥) 𝑒𝑒𝑥𝑥. 

𝐶𝐶(𝑥𝑥) = −3
4

(𝑥𝑥2 ⊹ 𝑥𝑥) ⊹ 𝑐𝑐 ⟹ 𝑦𝑦𝑝𝑝 = −3
4

(𝑥𝑥2 ⊹ 𝑥𝑥)𝑒𝑒𝑥𝑥 ⊹ 𝑐𝑐𝑒𝑒𝑥𝑥. 

𝑦𝑦(𝑥𝑥) = 𝑦𝑦𝑝𝑝 ⊹ 𝑦𝑦𝐻𝐻 = −3
4

(𝑥𝑥2 ⊹ 𝑥𝑥)𝑒𝑒𝑥𝑥 ⊹ 𝐶𝐶𝑒𝑒𝑥𝑥 ⊹ 𝐵𝐵𝑒𝑒3𝑥𝑥. ■ 
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Second Order Linear Differential Equations 
Characteristic Equation with Coincident Roots 

Exercise 2 

Solve the differential equation 

𝑦𝑦′′ − 4𝑦𝑦′ ⊹ 4𝑦𝑦 = 0 

Characteristic Equation 𝑟𝑟2 − 4𝑟𝑟 ⊹ 4 = 0. Which gives 𝑟𝑟1 = 2 and 𝑟𝑟2 = 2. 
Hence, 𝑦𝑦𝐻𝐻 = 𝐴𝐴𝑒𝑒2𝑥𝑥. So, 𝑦𝑦𝑝𝑝 = 𝐴𝐴(𝑥𝑥) 𝑒𝑒2𝑥𝑥. 

𝐴𝐴(𝑥𝑥) = 𝑥𝑥 ⊹ 𝑐𝑐 ⟹ 𝑦𝑦𝑝𝑝 = 𝑥𝑥𝑒𝑒2𝑥𝑥 ⊹ 𝑐𝑐𝑒𝑒2𝑥𝑥. 

𝑦𝑦(𝑥𝑥) = 𝑦𝑦𝑝𝑝 ⊹ 𝑦𝑦𝐻𝐻 = 𝐵𝐵𝑒𝑒2𝑥𝑥 ⊹ 𝐶𝐶𝑥𝑥𝑒𝑒2𝑥𝑥. ■ 
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Second Order Linear Differential Equations 
Characteristic Equation with Complex Roots 

Exercise 3 

Solve the differential equation 

𝑦𝑦′′ ⊹ 4𝑦𝑦′ ⊹ 13𝑦𝑦 = 0 

Characteristic Equation 𝑟𝑟2 ⊹ 4𝑟𝑟 ⊹ 13 = 0, which gives 𝑟𝑟 = −2 ⊹� 3𝑖𝑖. 
Hence, 𝑦𝑦(𝑥𝑥) = 𝐴𝐴𝑒𝑒−(2−3𝑖𝑖)𝑥𝑥 ⊹ 𝐵𝐵𝑒𝑒−(2⊹3𝑖𝑖)𝑥𝑥. 
𝑦𝑦(𝑥𝑥) = 𝑒𝑒−2𝑥𝑥{𝐴𝐴𝑒𝑒3𝑖𝑖𝑥𝑥 ⊹ 𝐵𝐵𝑒𝑒−3𝑖𝑖𝑥𝑥} ⟹ 𝑦𝑦(𝑥𝑥) = 𝑒𝑒−2𝑥𝑥{𝐴𝐴0 cos 3𝑥𝑥 ⊹ 𝐵𝐵0 sin 3𝑥𝑥}. 

𝑦𝑦(𝑥𝑥) = 𝐶𝐶𝑒𝑒−2𝑥𝑥 cos(3𝑥𝑥 − 𝛿𝛿). ■ 
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