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The Integral Sum 1 

The integral sum of 𝑓𝑓(𝑥𝑥) within the partition 𝑝𝑝 = {0,0.1,0.3,0.65,0.9,1}, 

is given by: 

𝑆𝑆 = �𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

𝑆𝑆 = 𝑓𝑓(𝑐𝑐1) 0.1 ⊹ 𝑓𝑓(𝑐𝑐2) 0.2 ⊹ 𝑓𝑓(𝑐𝑐3) 0.35 ⊹ 𝑓𝑓(𝑐𝑐4) 0.25 ⊹ 𝑓𝑓(𝑐𝑐5) 0.1, 

with 𝑐𝑐𝑖𝑖 ∈ 𝐼𝐼𝑖𝑖 = [𝑥𝑥𝑖𝑖−1, 𝑥𝑥𝑖𝑖] and ∆𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑖𝑖−1. 

0 0.1 0.3 0.65 0.9 1 

∆𝑥𝑥2 ∆𝑥𝑥3 ∆𝑥𝑥4 ∆𝑥𝑥5 ∆𝑥𝑥1 
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The Integral Sum 2 

The integral sum of 𝑓𝑓(𝑥𝑥) within a partition 𝑝𝑝 = {𝑥𝑥0, 𝑥𝑥1, … , 𝑥𝑥𝑖𝑖 , … , 𝑥𝑥𝑛𝑛}, is 

𝑆𝑆 = lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

with ∆𝑥𝑥𝑖𝑖 = ∆𝑥𝑥 = (𝑏𝑏 − 𝑎𝑎) 𝑛𝑛⁄  and 𝑐𝑐𝑖𝑖 = 𝑖𝑖 (𝑏𝑏 − 𝑎𝑎) 𝑛𝑛⁄ . 

𝑎𝑎 𝑏𝑏 

∆𝑥𝑥1 ∆𝑥𝑥𝑖𝑖  

𝑐𝑐1 = 𝑏𝑏−𝑎𝑎

𝑛𝑛
  

∆𝑥𝑥2 ∆𝑥𝑥𝑛𝑛  

𝑐𝑐𝑖𝑖 = 𝑖𝑖 𝑏𝑏−𝑎𝑎
𝑛𝑛

  𝑐𝑐𝑛𝑛 = 𝑛𝑛 𝑏𝑏−𝑎𝑎

𝑛𝑛
  

∆𝑥𝑥 = 𝑏𝑏−𝑎𝑎

𝑛𝑛
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The Mean Value 

The mean value of 𝑓𝑓(𝑥𝑥) is approximately given by 

𝜇𝜇~ 𝑓𝑓(𝑐𝑐1)⊹𝑓𝑓(𝑐𝑐2)⊹𝑓𝑓(𝑐𝑐3)⊹⋯⊹𝑓𝑓(𝑐𝑐𝑖𝑖)⊹⋯⊹𝑓𝑓(𝑐𝑐𝑛𝑛)
𝑛𝑛

~∑ 𝑓𝑓(𝑐𝑐𝑖𝑖)
1
𝑛𝑛

𝑛𝑛
𝑖𝑖=1 ~∑ 𝑓𝑓(𝑐𝑐𝑖𝑖)

∆𝑥𝑥𝑖𝑖
𝑏𝑏−𝑎𝑎

𝑛𝑛
𝑖𝑖=1 , 

since ∆𝑥𝑥 = 𝑏𝑏−𝑎𝑎
𝑛𝑛

. If the partition ∆𝑥𝑥 is smaller enough so that 𝑛𝑛 → ∞, thus 

𝜇𝜇 = lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)
∆𝑥𝑥𝑖𝑖
𝑏𝑏 − 𝑎𝑎

𝑛𝑛

𝑖𝑖=1

=
1

𝑏𝑏 − 𝑎𝑎
lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

 

with 𝑐𝑐𝑖𝑖 = 𝑖𝑖 (𝑏𝑏 − 𝑎𝑎) 𝑛𝑛⁄ . 𝑓𝑓(𝑥𝑥) is assumed to be continuous ⟹ ∃𝑐𝑐 ∈ [𝑎𝑎, 𝑏𝑏]/ 

lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑥𝑥𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= (𝑏𝑏 − 𝑎𝑎)𝜇𝜇 = (𝑏𝑏 − 𝑎𝑎) 𝑓𝑓(𝑐𝑐) 
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Calculus Theorem 1 

Given a continuous function 𝑓𝑓(𝑡𝑡) within [𝑎𝑎, 𝑥𝑥]/ ∆𝑡𝑡𝑖𝑖 = 𝑥𝑥−𝑎𝑎
𝑛𝑛

. So, its integral sum 

𝑆𝑆 = 𝑆𝑆𝑎𝑎→𝑥𝑥 = lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑛𝑛

𝑖𝑖=1

= 𝐹𝐹(𝑥𝑥) 

What is the meaning of 𝐹𝐹(𝑥𝑥)? We add an amount ∆𝑥𝑥 to the interval, thus: 

𝑆𝑆′ = 𝑆𝑆𝑎𝑎→𝑥𝑥⊹∆𝑥𝑥 = lim
𝑛𝑛′→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑛𝑛′

𝑖𝑖=1

= 𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) 

Then we evaluate 𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥) =? 
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Calculus Theorem 2 

𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥) = lim
𝑛𝑛′→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑛𝑛′

𝑖𝑖=1

�

𝑎𝑎

𝑥𝑥⊹∆𝑥𝑥

− lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑛𝑛

𝑖𝑖=1

�
𝑎𝑎

𝑥𝑥

 

𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥) = lim
𝑙𝑙→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑙𝑙

𝑗𝑗=1

�

𝑥𝑥

𝑥𝑥⊹∆𝑥𝑥

= [(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝑥𝑥] 𝑓𝑓(𝑐𝑐) 

𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥) = ∆𝑥𝑥 𝑓𝑓(𝑐𝑐) ⟹ 𝑓𝑓(𝑐𝑐) =
1
∆𝑥𝑥

{𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥)} 

lim
∆𝑥𝑥→0

𝑓𝑓(𝑐𝑐) = lim
𝑐𝑐→𝑥𝑥

𝑓𝑓(𝑐𝑐) = 𝑓𝑓(𝑥𝑥) = lim
∆𝑥𝑥→0

𝐹𝐹(𝑥𝑥 ⊹ ∆𝑥𝑥) − 𝐹𝐹(𝑥𝑥)
∆𝑥𝑥

= 𝐹𝐹′(𝑥𝑥) 
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Calculus Theorem 3 
Newton-Leibnitz notation  

𝑆𝑆𝑎𝑎→𝑥𝑥 = lim
𝑛𝑛→∞

�𝑓𝑓(𝑐𝑐𝑖𝑖)∆𝑡𝑡𝑖𝑖

𝑛𝑛

𝑖𝑖=1

�
𝑎𝑎

𝑥𝑥

= � 𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡
𝑥𝑥

𝑎𝑎
= 𝐹𝐹(𝑥𝑥) ⊹ 𝐶𝐶 

If 𝑥𝑥 = 𝑎𝑎 we get 𝑆𝑆𝑎𝑎→𝑎𝑎 = 0 = 𝐹𝐹(𝑎𝑎) ⊹ 𝐶𝐶 ⟹ 𝐶𝐶 = −𝐹𝐹(𝑎𝑎) 

Otherwise, if 𝑥𝑥 = 𝑏𝑏 we get 𝑆𝑆𝑎𝑎→𝑏𝑏 = 𝐹𝐹(𝑏𝑏) ⊹ 𝐶𝐶 = 𝐹𝐹(𝑏𝑏) − 𝐹𝐹(𝑎𝑎). So 

𝑆𝑆𝑎𝑎→𝑏𝑏 = � 𝑓𝑓(𝑥𝑥) 𝑑𝑑𝑥𝑥
𝑏𝑏

𝑎𝑎
= 𝐹𝐹(𝑏𝑏) − 𝐹𝐹(𝑎𝑎) ,𝑤𝑤𝑤𝑤𝑡𝑡ℎ 𝐹𝐹′(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) 
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